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THE NILPOTENCE HEIGHT OF P s
t FOR ODD PRIMES

ISMET KARACA

Abstract. K. G. Monks has recently shown that the element P s
t has nilpo-

tence height 2[ s
t
] + 2 in the mod 2 Steenrod algebra. Here the method and

result are generalized to show that for an odd prime p the element P s
t has

nilpotence height p[ s
t
] + p in the mod p Steenrod algebra.

1. Introduction and main results

Using Monks’ method [14] and some new results, we prove the following theorem.
Recall that P s

t is the Milnor basis element P (r1, r2, . . . , rt) with rt = ps and ri = 0
for i < t.

Theorem 1. For all s ≥ 0, t ≥ 1,

(P s
t )p[ s

t ]+p = 0,(i)

(P s
t )p[ s

t ]+p−1 6= 0.(ii)

Thus the nilpotence height of P s
t is exactly p

[
s
t

]
+ p. The upper bound (i) on

the nilpotence order was proved in [14] for the case p = 2. The lower bound (ii)
was proved in [13] for the case p = 2. Here we generalize these arguments.

Let Pt(r1, r2, . . . , rm) be the Milnor basis element P (s1, s2, . . . , stm), where sti =
ri and sj = 0 if t does not divide j. In particular, Pt(ps) = P s

t and P1(n) = P (n).
If R = (r1, r2, . . . , rm) is a sequence of nonnegative integers, we will write Pt(R)

for the corresponding Milnor basis element. The degree of Pt(R) is 2 |R|t, where
|R|t =

∑∞
i=1

(
pit − 1

)
ri, and the excess of Pt (R) is 2e(R), where e(R) =

∑∞
i=1 ri.

For a fixed t let Bt be the vector subspace of A with basis the set of all Pt(R). For
P s

t ∈ Bt write P̂ s
t for (−1)sχ(P s

t ), where χ denotes the canonical antiautomorphism
of Bt.

We introduce some notation. Each natural number a has a unique expansion

a =
∞∑

i=0

αi(a)pi(1)

with 0 ≤ αi(a) < p. Let 0 ≤ b < pt, and i < t. Then the following are obvious:

αi(a) = αi+t(pta + b),(2)

αi(b) = αi(pta + b).(3)
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Definition. We say that m and n have no carries if αi(m) + αi(n) ≤ p− 1 for all
i. This is equivalent to the condition that the binomial coeffient

(
m+n

m

)
is nonzero

mod p. If m and n have no carries, we will write m � n.

Define γt(m) =
∑m−1

i=0 pit for any integer m ≥ 0 and t ≥ 1, where γt(0) = 0.
The following fact is immediate.

Fact 2. γt(m + 1) = ptγt(m) + 1.

Proposition 3. For any t ≥ 1, m ≥ 0, and i < t,

Pt((p− 1) piγt(m + 1)) · Pmt+i
t = 0.(4)

Proof. By Milnor’s product formula, Pt(a) · Pt(b) =
∑

uj · Pt(a + b− (pt + 1)j, j),
where the sum is taken over all j such that (a−ptj) � (b− j), and uj is a unit mod
p. So it is sufficient to show that (p − 1)piγt(m + 1) − ptj and pmt+i − j have at
least one carry for any 0 ≤ j ≤ pi(p− 1)γt(m). This is the content of the following
lemma.

Lemma 4. For all t ≥ 1, m ≥ 0, i < t and 0 ≤ j ≤ pi(p− 1)γt(m), there exists a
nonnegative integer k such that αkt+i(pi(p−1)γt(m+1)−ptj)+αkt+i(pmt+i−j) ≥ p.

Proof. We will proceed by induction on m. Let

X = (p− 1)piγt(m + 1)− ptj(5)

Y = pmt+i − j.(6)

If m = 0, then j = 0, X = (p− 1)pi, and Y = pi. So we have αi(X) + αi(Y ) = p.
Assume that for all t ≥ 1, 0 ≤ i < t and 0 ≤ j ≤ pi(p−1)γt(m−1), there exists a

nonnegative integer k such that αkt+i(pi(p−1)γt(m)−ptj)+αkt+i(p(m−1)t+i−j) ≥
p.

Choose t ≥ 1, i < t and 0 ≤ j ≤ pi(p− 1)γt(m). If j = 0, then

X = (p− 1)piγt(m + 1)

= (p− 1)
(
pmt+i + p(m−1)t+i + p(m−2)t+i + · · ·+ pt+i + pi

)
Y = pmt+i

Hence αmt+i(X) + αmt+i(Y ) = p.
Suppose j 6= 0.
Case 1 : αi(j − 1) 6= p− 1.

X = (p− 1)pi(ptγt(m) + 1)− ptj = pt[(p− 1)piγt(m)− j] + (p− 1)pi.

Since αi(j−1) 6= p− 1 , j−1 = pi+1q+pih+r, where 0 ≤ r < pi and 0 ≤ h < p−1.
Then

Y = pmt+i − j = pmt+i − (pi+1q + pih + r + 1)

= pi+1[pmt−1 − (q + 1)] + (p− 1− h)pi + (pi − (r + 1)).

Since r < pi, the term (pi − (r + 1)) is nonnegative and less than pi. So αi(X) +
αi(Y ) = 2p− h− 2 ≥ p.

Case 2 : αi(j − 1) = p− 1.
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Let j− 1 = ptq + r, where 0 ≤ r < pt. Since αi(j− 1) = p− 1, pi(p− 1) ≤ r < pt

by (3). In the assumption we have j ≤ pi(p − 1)γt(m). Then ptq + r + 1 ≤
pi(p− 1)(ptγt(m− 1) + 1). Solving for q + 1 shows that

q + 1 ≤ pi(p− 1)γt(m− 1) +
pi(p− 1)− r − 1 + pt

pt
.

Since pi(p − 1) ≤ r, pi(p−1)−r−1+pt

pt < 1. Thus q + 1 ≤ pi(p − 1)γt(m − 1), and so
by the inductive hypothesis there exists a nonnegative integer k such that

αkt+i((p− 1)piγt(m)− pt(q + 1)) + αkt+i(p(m−1)t+i − (q + 1)) ≥ p.

Let k be any such value. We will show that α(k+1)t+i(X)+α(k+1)t+i(Y ) ≥ p, which
will complete the induction and hence the proof.

Now since αi(j − 1) = p− 1, αi(r) = p− 1. Hence αi(pt − 1− r) = 0. Therefore
pt − 1− r + (p− 1)pi < pt. Then we have

αkt+i((p− 1)piγt(m)− pt(q + 1))

= αkt+i((p− 1)piγt(m)− pt(q + 1) + pt − 1− r)

= α(k+1)t+i(pt
[
(p− 1)piγt(m)− pt(q + 1) + pt − 1− r

]
+ (p− 1)pi)

= α(k+1)t+i(X)

by (2) and (3). Also,

Y = pmt+i − (ptq + r + 1) = pt(p(m−1)t+i − (q + 1)) + (pt − (1 + r)).

Thus

αkt+i(p(m−1)t+i − (q + 1)) = α(k+1)t+i(pt(p(m−1)t+i − (q + 1)) + (pt − (1 + r)))

= α(k+1)t+i(Y )

by (2). By the induction hypothesis, α(k+1)t+i(X) + α(k+1)t+i(Y ) ≥ p.

Using Davis’ method [6], we can derive

Proposition 5.

Pt(u) · P̂t(v) =
∑
R

(|R|t + e(R)
ptu

)
Pt(R),(8)

P̂t(u) · Pt(v) =
∑
R

(
e(R)

v

)
Pt(R),(9)

where the sum is taken over all R for which |R|t = (pt − 1)(u + v).

Proof. The formula (8) is exactly Corollary 1a in [8]. So we will prove formula (9).
Using Gallant’s Proposition 1 that χ(P s

t ) is (−1)s times the sum of all Pt(R) in the
appropriate dimension, we see that the product P̂t(u) · Pt(v) contains a term∏

i

(
ri

si

)
Pt(r1, r2, . . . )
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for each Milnor matrix, 

∗ 0 . . . 0 s1

0 0 . . . 0 0
...

...
...

...
0 0 . . . 0 0

r1 − s1 0 . . . 0 s2

0 0 . . . 0 0
...

...
...

...
0 0 . . . 0 0

r2 − s2 0 . . . 0 s3

0 0 . . . 0 0
...

...
...

...


such that v =

∑
i si. Thus

P̂t(u) · Pt(v) =
∑
R

∑
S

∏
i

(
ri

si

)
Pt(R)

where S ranges over sequences (s1, s2, . . . ) having
∑

i si = v. The equation∑
S

∏
i

(
ri

si

)
=

(∑
i ri

v

)
follows immediately from considering the coefficient of xv in the expansion of

(1 + x)r1 · (1 + x)r2 · · · (1 + x)rn .

Hence we have

P̂t(u) · Pt(v) =
∑
R

(∑
i ri

v

)
Pt(R) =

∑
R

(
e(R)

v

)
Pt(R).

Using these formulae, we can prove the following proposition.

Proposition 6. If a, b and t are positive integers with a ≥ t, then

P̂t(pa(p− 1)) · Pt(pa+b − pa(p− 1)) = Pt(pa+b − pa−t(p− 1)) · P̂t(pa−t(p− 1)).

Proof. Using (8) and (9), we have

Pt(pa+b − pa−t(p− 1)) · P̂t(pa−t(p− 1)) =
∑
R

( |R|t + e(R)
pa+b+t − pa(p− 1)

)
Pt(R)

and

P̂t(pa(p− 1)) · Pt(pa+b − pa(p− 1)) =
∑
R

(
e(R)

pa+b − pa(p− 1)

)
Pt(R)

where 1 ≤ e(R) ≤ pa+b and |R|t = (pt − 1)pa+b.
In order to prove these sums are equal, we need to show that their binomial

coefficients are equivalent mod p. Note that(
e(R)

pa+b − pa(p− 1)

)
=

(
e(R)

e(R)− pa+b + pa(p− 1)

)
,
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pa+b+t − pa(p− 1)

)
=

( |R|t + e(R)
e(R)− pa+b + pa(p− 1)

)
.

Case 1 : If 1 ≤ e(R) < pa+b− pa(p− 1), then both binomial coefficients are zero
because e(R)− pa+b + pa(p− 1) is a negative integer.

Case 2 : If pa+b − pa(p− 1) ≤ e(R) < pa+b, then( |R|t + e(R)
e(R)− pa+b + pa(p− 1)

)
=

(∑a+b+t−1
i=a+b αi(|R|t)pi +

∑a+b−1
i=0 αi(e(R))pi∑a+b−1

i=0 αi(e(R)− pa+b + pa(p− 1))pi

)

≡
a+b+t−1∏

i=a+b

(
αi(|R|t)

0

) a+b−1∏
i=0

(
αi(e(R))

αi(e(R)− pa+b + pa(p− 1))

)
mod p

≡
(

e(R)
e(R)− pa+b + pa(p− 1)

)
mod p.

Hence ( |R|t + e(R)
pa+b+t − pa(p− 1)

)
≡

(
e(R)

pa+b − pa(p− 1)

)
mod p.

Case 3 : If e(R) = pa+b, then

(
e(R)

pa+b − pa(p− 1)

)
=

(
pa+b

pa(p− 1)

)
≡ 0 mod p

and ( |R|t + e(R)
pa+b+t − pa(p− 1)

)
=

(
pa+b+t

pa(p− 1)

)
≡ 0 mod p.

So the result holds.

If n, k and t are positive integers with n = k + mt for some m, we define

(Xt)n
k = Pt (pn(p− 1)) · Pt

(
pn−t(p− 1)

) · · ·Pt

(
pk(p− 1)

)
.

The following corollary is immediate from Proposition 5.

Corollary 7. Let m ≥ 1, c ≥ 0, and a = c + mt. Then

χ((Xt)a
c+t) · Pt

(
pa+b − pa(p− 1)

)
= Pt

(
pa+b − pc(p− 1)

) · χ((Xt)a−t
c ).

For any Milnor basis element θ, define κθ : A −→ A by

φ(x) =
∑

κθ(x) ⊗ θ(10)

where φ is the diagonal map in A. These operations were first defined by Kristensen
[10]. We will call it “stripping by θ”. It follows from (10) that stripping a Milnor
basis element by θ = P (t1, t2 . . . ) is given by

κθ (P (r1, r2, . . . )) = P (r1 − t1, r2 − t2, . . . )

where the right hand side is taken to be 0 if ri < ti for any i (see [18] and [19] for
more details).
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For any x, y ∈ A,∑
κP (R)(x · y)⊗ P (R) = (

∑
κP (I)(x) ⊗ P (I))(

∑
κP (J)(y)⊗ P (J))

=
∑

κP (I)(x)κP (J)(y)⊗ P (I)P (J) =
∑

λI,J
R κP (I)(x)κP (J)(y)⊗ P (R)

where λI,J
R = 〈P (I)P (J), ξR〉 and the sums are taken over all I, J, R such that

R = I + J . So

κP (R)(x · y) =
∑
I,J,R

λI,J
R κP (I)(x)κP (J)(y).

In particular, if κs
t = κP s

t
, then κs

t (x · y) =
∑t

j=0 κs+j
t−j (x)κs

j(y) follows from the

formula φ(ξk) =
∑k

i=0 ξpi

k−i ⊗ ξi.

Lemma 8. If x and y belong to Bt then stripping by P s
t is a derivation, i.e.

κs
t (x · y) = κs

t (x) · y + x · κs
t (y).

Proof. The proof follows from the formula above, since all of the other terms in
the sum correspond to stripping by Milnor basis elements which are not in Bt and
therefore give zero.

A sequence R = (r1, r2, . . . ) is called a t-representation of a positive integer m
if m =

∑
i γt(i)ri. We define µt(m) = min{∑i ri : (r1, r2, . . . ) is a t-representation

of m}.
Lemma 9. For Pt(R) ∈ Bt and m ≥ 0,

µt(m) = min{e(Pt(R)) : |R|t = (pt − 1)m}.
Proof. There is a 1− 1 correspondence between Milnor basis elements Pt(R) satis-
fying |R|t = (pt − 1)m and t-representations of m given by

Pt(R)←→ m =
∑

i

riγt(i).

Under this correspondence, e(Pt(R)) corresponds to the number
∑

i ri which is used
in determining µt(m). The lemma follows immediately from this observation.

Thus we have following lemma which is analogous to Davis’ formula [6, Theorem
1].

Lemma 10. For all m ≥ 0 and t ≥ 1,

P̂t((p− 1)pt−1γt(m)) = (Xt)mt−1
t−1 .

Proof. We will prove it by induction on m. If m = 1 then the result holds since
Pt(pt−1(p − 1)) is the only Pt(R) in this dimension. Assume that the result holds
for m− 1. By (8),

(Xt)mt−1
t−1 = Pt((p− 1)pmt−1) · (Xt)

(m−1)t−1
t−1

= Pt((p− 1)pmt−1) · P̂t((p− 1)pt−1γt(m− 1))

=
∑
R

( |R|t + e(R)
(p− 1)p(m+1)t−1

)
Pt(R)
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where the sum is over all R such that |R|t =
∑

i(p
it − 1)ri = (p− 1)pt−1(pmt − 1).

By Lemma 9,

µt((p− 1)pt−1γt(m)) ≤
∑

i

ri ≤ (p− 1)pt−1γt(m).

By [8, Proposition 2], the t-representation of (p−1)pt−1γt(m) with rm = (p−1)pt−1

and all other ri = 0 has minimal
∑

i ri. Hence µt((p− 1)pt−1γt(m)) = (p− 1)pt−1.
So we have

(p− 1)pt−1(pmt − 1) + (p− 1)pt−1 ≤
∑

i

pitri ≤ (p− 1)pt−1γt(m + 1);

that is,

(p− 1)p(m+1)t−1 ≤
∑

i

pitri ≤ (p− 1)pt−1γt(m + 1).

Hence
( ∑

i pitri

(p−1)p(m+1)t−1

) ≡ 1 mod p. By [8, Proposition 1],

P̂t((p− 1)pt−1γt(m)) =
∑
R

Pt(R)(11)

where the sum is taken over all R such that |R|t = (p− 1)pt−1(pmt− 1). Therefore
we have (Xt)mt−1

t−1 = P̂t((p− 1)pt−1γt(m)).

The following lemma is analogous to [19, Lemma 1.4].

Lemma 11. (i) For s ≥ 0 and t ≥ 1 let κs
t denote the operation of stripping by

P s
t . Then

κs
t (P̂t(k)) = P̂t(k − ps)

where P̂t(k − ps) = 0 for k < ps.
(ii) Let Θ be an element in Bt which gives zero when stripped by P s

t , and assume
Θ · P̂t(ips) · (P s

t )m = 0. Then Θ · P̂t((i − 1)ps) · (P s
t )m+1 = 0.

Proof. (i) We will prove it by induction on k. Note that
∑

n∈Z Pt(n)·χ(Pt(k−n)) =
0. Hence we have ∑

n∈Z

(−1)k−nPt(n) · P̂t(k − n) = 0(12)

with the convention that Pt(i) = 0 and P̂t(i) = 0 if i < 0. Applying the derivation
κs

t to (12), we have

κs
t (P̂t(k)) +

∑
n>0

(−1)n{κs
t (Pt(n)) · P̂t(k − n) + Pt(n) · κs

t (P̂t(k − n))} = 0.

By the induction hypothesis, we obtain

κs
t (P̂t(k)) +

∑
n6=0

(−1)nPt(n− ps) · P̂t(k − n)

+
∑

m 6=ps

(−1)m−ps

Pt(m− ps) · P̂t(k −m) = 0.

All terms cancel except the term with n = ps in the first sum. Hence

κs
t (P̂t(k)) = P̂t(k − ps).

This completes the induction.
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(ii) If Θ · P̂t(ips) · (P s
t )m = 0 then

κs
t (Θ) · P̂t(ips) · (P s

t )m + Θ · κs
t (P̂t(ips)) · (P s

t )m + Θ · P̂t(ips) · κs
t (P s

t )m = 0.

By part (i),

Θ · P̂t((i− 1)ps) · (P s
t )m + mΘ · P̂t(ips) · (P s

t )m−1 = 0.

So

Θ · P̂t((i − 1)ps) · (P s
t )m+1 = −mΘ · P̂t(ips) · (P s

t )m = 0.

Let E be the exterior subalgebra of A generated by {P 0
t |t ≥ 1}. There is an

algebra isomorphism between A and A//E. This isomorphism F : A −→ A//E is
given by

F (P (t1, t2, t3 . . . )) = [P (pt1, pt2, pt3 . . . )]

where [x] is equivalence class in A//E of x ∈ A (see [11, Chapter 15]). Let (P s
t )n =

0. Then [0] = [P s
t ]n = F ((P s−1

t )n). Since F is an algebra isomorphism, (P s−1
t )n =

0. So by iterating we see that if (P s
t )n = 0 then (P i

t )n = 0 for all i ≤ s. This proves
the following lemma.

Lemma 12. Let t > 1.
(i) If Theorem 1(i) holds for all s ≡ −1 mod t, then it holds for all s.
(ii) If Theorem 1(ii) holds for all s ≡ 0 mod t, then it holds for all s.

2. The proof of the main result

The proof of Theorem 1(i) now follows by imitating the proof of [14] for the case
p = 2. We proceed by proving the following two equations by induction on k for
1 ≤ k ≤ m:

χ((Xt)mt−1
kt−1 ) · (Pmt−1

t

)p(k−1)+1
= 0,(13)

χ((Xt)
(m−1)t−1
kt−1 ) · (Pmt−1

t

)pk
= 0.(14)

If k = 1 then

χ((Xt)mt−1
t−1 ) · Pmt−1

t = Pt

(
(p− 1)pt−1γt(m)

) · Pmt−1
t = 0

by Lemma 10 and Proposition 3.
Next we show that equation (13) for k implies equation (14) for k. The assump-

tion says that

χ((Xt)
(m−1)t−1
kt−1 )χ(Pt(pmt−1(p− 1)))

(
Pmt−1

t

)p(k−1)+1
= 0.

On applying Lemma 11 (p− 1) times with Θ = χ((Xt)
(m−1)t−1
kt−1 ), we obtain

χ((Xt)
(m−1)t−1
kt−1 ) · (Pmt−1

t

)pk
= 0,

as desired.
Now we show that equation (14) for k implies equation (13) for k +1. Indeed we

have the following equations with z = pmt − pkt−1(p − 1). At the second step we
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use Corollary 7 with a = mt− 1, b = 1, and c = kt− 1. The induction hypothesis
is used at the third step. This gives us

χ((Xt)mt−1
(k+1)t−1) ·

(
Pmt−1

t

)pk+1
= χ((Xt)mt−1

kt−1+t) · (Pmt−1
t ) · (Pmt−1

t

)pk

= Pt(z) · χ((Xt)mt−1−t
kt−1 ) · (Pmt−1

t

)pk

= Pt(z) · 0 = 0.

Thus by induction on k we see that both equations (13) and (14) hold for 1 ≤
k ≤ m. Equation (14) for k = m proves the theorem for all s ≡ −1 mod t. By
Lemma 12(i) this proves Theorem 1(i).

Proof of Theorem 1 (ii). We follow the method of Davis, using properties of the
coproduct φ in A to find elements ξRm,t(i) in the dual algebra A∗ for i < pm such
that

〈
(
P

(m−1)t
t

)i

, ξRm,t(i)〉 6= 0.(15)

If i = kp + w with 0 ≤ k ≤ m− 1 and 0 ≤ w ≤ p− 1, then let

ξRm,t(i) = ξ
r1(i)
t ξ

r2(i)
2t . . . ξ

rk+1(i)
(k+1)t(16)

where rl(i) = al(i) + bl(i), with

al(i) =

{
(w − p + 1)p(m−1)t if l = 1,
0 if l > 1

and

bl(i) =


(p− 1)p(m−k−1)t if l = k + 1,
(pt+1 − p + 1)p(m−k−1)t if l = k,
(pt − 1)p(m−l−1)t+1 if 1 ≤ l < k.

For example,
1. for k = 0, Rm,t(i) = (wp(m−1)t),
2. for k = 1, Rm,t(i) = ((w + 1)p(m−1)t − (p− 1)p(m−2)t, (p− 1)p(m−2)t),
3. for k = 2, Rm,t(i) = ((w + 1)p(m−1)t − p(m−2)t+1, p(m−2)t+1 − (p− 1)p(m−3)t,

(p− 1)p(m−3)t),
4. for k = 3, Rm,t(i) = ((w+1)p(m−1)t−p(m−2)t+1, (pt−1)p(m−3)t+1, p(m−3)t+1−

(p− 1)p(m−4)t, (p− 1)p(m−4)t).
The proof of (15) depends on the following calculation.

Lemma 13.

φ(ξRm,t(i)) = (zξRm,t(i−1) + ξ′)⊗ ξp(m−1)t

t +
∑

j

aj ⊗ bj

where bj 6= ξp(m−1)t

t for all j, ξ′ is divisible by ξp(m−1)t+1

t , and z = w if w > 0, z = 1
if w = 0.

This implies (15), since it follows by induction on i that

〈
(
P

(m−1)t
t

)i

, ξRm,t(i)〉 = 〈
(
P

(m−1)t
t

)i−1

, wξRm,t(i−1)〉〈P (m−1)t
t , ξp(m−1)t

t 〉 6= 0,

since the evaluation of ξ′ on all elements of the subalgebra A(mt − 1) is zero. By
Lemma 12(ii), this implies Theorem 1(ii).
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Proof of Lemma 13. Let Rm,t(i) be as in (16) above. Since we are only interested

in terms of the form A ⊗ ξp(m−1)t

t , we will work mod terms involving ξjt for j ≤ 1
in the second factor. So we have

φ(ξRm,t(i)) = φ(
k+1∏
l=1

ξ
rl(i)
lt ) =

k+1∏
l=1

φ(ξlt)rl(i) ≡
k+1∏
l=1

(ξlt ⊗ 1 + ξpt

(l−1)t ⊗ ξt)rl(i).(17)

Note that

k+1∑
l=1

rl(i) = (w + 1)p(m−1)t.

We only want terms of the form A⊗ ξp(m−1)t

t . When w = 0, the only such term is
obtained from the product

∏k+1
l=1 (ξpt

(l−1)t ⊗ ξt)rl(i), and hence

A =
k+1∏
l=1

ξ
ptrl(i)
(l−1)t =

k∏
l=1

ξ
ptbl+1(i)
lt =

k∏
l=1

ξ
bl(i−1)
lt = ξRm,t(i−1)

since i−1 = (k−1)p+p−1. Suppose w > 0. The l-th factor of (17) can be written
as 

(ξp(m−k−1)t

(k+1)t ⊗ 1 + ξp(m−k)t

kt ⊗ ξp(m−k−1)t

t )p−1 if l = k + 1,

(ξp(m−k−1)t

kt ⊗ 1 + ξp(m−k)t

(k−1)t ⊗ ξp(m−k−1)t

t )pt+1−p+1 if l = k,

(ξp(m−l−1)t+1

lt ⊗ 1 + ξp(m−l)t+1

(l−1)t ⊗ ξp(m−l−1)t+1

t )pt−1 if 1 < l < k,

(ξp(m−2)t+1

t ⊗ 1 + 1⊗ ξp(m−2)t+1

t )(w+1)pt−1−1 if l = 1, 1 < k,

(ξp(m−2)t

t ⊗ 1 + 1⊗ ξp(m−2)t

t )(w+1)pt−p+1 if l = 1, k = 1.

We expand each of these factors, and if we choose for each l the term with the jl-th
power of the second term, then we must have (k ≥ 2)

j1p
(m−2)t+1 +

k−1∑
l=2

jlp
(m−l−1)t+1 + jkp(m−k−1)t + jk+1p

(m−k−1)t = p(m−1)t(18)

and
(
(w+1)pt−1−1

j1

)
is a unit, 0 ≤ jl ≤ pt − 1 for 2 ≤ l ≤ k − 1,

(
pt+1−p+1

jk

)
is a unit,

and 0 ≤ jk+1 ≤ p− 1.
To satisfy (18) we must have jk+1 + jk ≡ 0 mod pt+1. Since

(
pt+1−p+1

jk

)
is a

unit, either jk ≡ 0 mod p or jk ≡ 1 mod p. Therefore either jk+1 = 0 or p − 1
since jk+1 ≤ p− 1.

If jk+1 = 0, then jk = 0. So we have the following equation:

j1p
(m−2)t+1 +

k−1∑
l=2

jlp
(m−l−1)t+1 = p(m−1)t.(19)

jk−1 is multiple of pt because jk−1p
(m−k)t+1 ≡ 0 mod p(m−k+1)t+1. Therefore

jk−1 = 0 since jk−1 ≤ pt − 1. By a similar argument, jk−2 = jk−3 = · · · = j2 = 0.
So we have j1p

(m−2)t+1 = p(m−1)t, which implies j1 = pt−1. Therefore we obtain a
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term of the form A⊗ ξp(m−1)t

t with A = A1A2 · · ·AkAk+1, where

A1 = wξwp(m−1)t−p(m−2)t+1

t

A2 = ξ
(pt−1)p(m−3)t+1

2t

· · ·
Ak−1 = ξ

(pt−1)p(m−k)t+1

(k−1)t

Ak = ξ
(pt+1−p+1)p(m−k−1)t

kt

Ak+1 = ξ
(p−1)p(m−k−1)t

(k+1)t .

Hence A = ξRm,t(i−1).
If jk+1 = p− 1, then we have jk = pt+1 − p + 1. From (18),

j1p
(m−2)t+1 +

k−2∑
l=2

jlp
(m−l−1)t+1 + jk−1p

(m−k)t+1 + p(m−k)t+1 = p(m−1)t.

So jk−1 ≡ −1 mod pt. Hence jk−1 = pt − 1, since jk−1 ≤ pt − 1. By a similar
argument, jk−2 = jk−3 = · · · = j2 = pt − 1. If we put these jl in the equation
(18) for 2 ≤ l ≤ k − 2, we will have (j1 + 1)p(m−2)t+1 = p(m−1)t. This implies that
j1 = pt−1 − 1. Therefore we obtain the other term of the form B ⊗ ξp(m−1)t

t with
B = B1 · B2 · · ·Bk+1, where

B1 = ξwp(m−1)t

t

B2 = ξ
(pt−1)p(m−2)t+1

t

· · ·
Bk−1 = ξ

(pt−1)p(m−k+1)t+1

(k−2)t

Bk = ξ
(pt+1−p+1)p(m−k)t

(k−1)t

Bk+1 = ξ
(p−1)p(m−k)t

kt .

So we have

φ(ξRm,t(i)) = (A + B)⊗ ξp(m−1)t

t

where A = wξRm,t(i−1) and B = ξ′ is divisible by ξp(m−1)t+1

t , as claimed.
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